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is the system total mass. For the KL example the transfer
terms are, from Eq. (1),

MpyXpy+mp;Xp, )
Using the KL notation, let the motion of mass m (point P)

relative to the MC of main body A4 (point 4*) be defined by g3
where

g=d,q,+4,q, (6)

and where, referring to Fig. 1KL,

q; =bsinf q,=c—r—bcost @)
From Eqgs. (4)
by=—(n/M)q py=(uw/m)q ®

where p=mM/(M+m). Combining Eqs. (5) and (8) the total
transfer term is ug X g so that the total angular momentum
with respect to the CMC is

Heye=d,1,0,+d,1,0, +d;1,0; + pgx g 9)

Forming the inertial time derivative of H.y and equating
this to the vector torque around the CMC produces Eqs. (10-
12KL) directly. Equation (9KL) and its counterparts never
appear.

2) A generalized angular momentum equation was derived
by the author in a 1960 article? and subsequently applied in a
1962 paper.? An alternate derivation starting from first
principles was later given in an internal set of notes.* Let
point 0 be some reference point, moving or fixed, of any
system of moving masses. Then with respect to this point the
generalized equation is

L,=H,+5,xd, (10)

In Eq. (10) L,, is the torque resulting from external forces, f,
is the system angular momentum, S, is the system static
moment (all evaluated with respect to point 0), and d,, is the
inertial acceleration of point 0. For the KL example, take the
reference point as the MC of the main body, point A4*.
Evaluating all terms with respect to A* and using the KL
notation, actual or implied,

L,.=T+§xR S, =mg

H,.=d,1,0,+d,],0,+d 1,0, +mjxg (11

The inertial acceleration of point A* can be expressed in two
ways: 1) kinematically, by introducing the velocity 64°, and 2)
dynamically, by introducing the external forces.

1) Since the inertial velocity is expressed in components
along rotating axes, Eq. (3KL), then

a4 =d, v, +d,v, +d;0; +ax o (12)
Substituting Eq. (12) for 4", combining with Eq. (11) for
S4-, and combining the result with H,. and L . produces

Egs. (23-25KL).

2) Dynamically
d " . 4. b 5. G
Et—(MvA +moP)=Ma*" +ma" =R+S (13)

where df=44" +¢g, and where ¢ is the inertial second
derivative of ¢ defined by Eqgs. (6) and (7). Solving Eq. (13)
for ¢4* and then combining with S,. and the result with H ,.
and L ,. produces again Eqgs. (10-12KL).
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Reply by Authors to C. Grubin

Thomas R. Kane*
Stanford University, Stanford, Calif.
and
David A. Levinson
Lockheed Palo Alto Research Laboratory
Palo Alto, Calif.

E believe that the first of Dr. Grubin’s points is fac-

tually incorrect and that the second is misleading.
Accordingly, we shall attempt to set matters straight by
discussing each point in turn.

1) Dr. Grubin’s assertion that ‘‘by doing a few preliminary
vector calculations, Eq. (10KL) can be derived directly rather
than arriving at Eq. (9KL) and then ...”" is invalid. This may
be seen as follows.

The two equations at issue are

o, — (I, = I;)w,w; +p{ (bOsind —r) {w, (c—r—bcosb)
—w,bsinb] + (c—r—bcost) [w; (¢ —r—bcosh)
+w,; (BOsind —F) — é,bsing — w,8bcosf]
+w, (b2 + bsind (w;bsind —r) — (c—r) bfcosh
+ (c—r—>5bcos8) ?w; ] +w;bsinb [ w; (¢ —r—bcosh)

—w,bsin] > =T, +pu(c—r—bcost) (R;/m—S;/M)
(9KL)

and
Lo, — (I, —1;)w,w; +pu(c—r—>bcost) [ (o,
+w,w;) (c—r—bcosf) — (dJZ—ijl)bsin0+2b0'(wlsin0

—w,c080) —2rw,;1 =T, +p(c—r—bcosd) (R;/m—S;/M)
(10KL)

In our paper, it is shown that use of the Angular Momentum
Principle leads directly to the first of these, and it is asserted
that a considerable amount of labor is required to deduce the
second from the first. Let us carry out the procedure which,
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according to Dr. Grubin, permits one to arrive at Eq. (10KL)
“directly”” after ‘‘doing a few preliminary vector
calculations.”’

Following Dr. Grubin, one begins by forming the vector ¢
in accordance with Egs. (6G)$ and (7G), which yields

q=bsinfa; + (c—r—bcosh)a,

Next, one differentiates g with respect to ¢ in N (our
Newtonian reference frame), obtaining (after some sim-
plification)

q=[bbcosd—w; (c—r—beosh) la, + (—rF+ bbsin
+w;bsinf)a, + [w, (c —r—bcosd) — w,bsinf] a;

so that one can now form ¢ x ¢ as

gxXg=(c—r—bcosb) [w, (c—r—bcosb)
—w,bsinfla, —bsinf[w, (c—r— bcosh)
—w,bsindla, + [b26+ bsind (w;bsinf — r)

— (¢—r)bbsin+w, (c—r—bcosd) 2] a;

Finally, one must substitute this expression into Eq. (9G),
differentiate the resulting expression with respect to ¢ in N,
and equate the result to ‘‘the vector torque around the
CMC.”’ Now, differentiating ¢ X ¢ with respect to 7 in N gives

((—F+bbsind) [w, (c —r—bcosh) — w,bsind]
+ (c—r—bcosb) [@, (c—r—bcost)
+w, (bbsing —r) — &, bsing— w,0bcosf]
+w, [b28+ bsing(w,;bsind —F) — (c—r) bbcosd
+ (c—r—bcost) ?w; ] + w;bsind{w, (c—r—bcosh)

—w,bsind] Ya; +(...>a, +{...)a;

tEquation numbers followed by the letter G refer to equations in
Dr. Grubin’s Comment.
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A glance at Egs. (9KL) and (10KL) reveals that Dr. Grubin’s
procedure leads directly and precisely to Eq. (9KL) rather
than Eq. (10KL). Consequently, Dr. Grubin’s claim at the end
of his elaboration on point 1 to the effect that ‘“‘Eq. (9KL) and
its counterparts never appear’’ is ill-founded. Moreover, his
contention that ““it is not necessary to locate explicitly the
combined mass center (CMC) for the entire system’’ must give
one pause in light of his later injanction to equate the inertial
derivative of Hyc to “‘the vector torque around the CMC.”’
How is one to do this without first locating the CMC ex-
plicitly?

2) Dr. Grubin’s statement ‘“The origin for the angular
momentum equation is not restricted to the CMC; any
origin...”’ gives rise, at best, to a question of semantics: What
is the angular momentum equation? It is well known that, at
times, one can work effectively with angular momenta relative
to points other than the mass center of a system, e.g., when
one is dealing with a system possessing an inertially fixed
point other than the mass center. An equation involving such
an angular momentum is no more and no less the angular
momentum equation than is any other that can be deduced
from it or from which it can be deduced.

In the second sentence of point 2, Dr. Grubin speaks of
“proof of D’Alembert’s principle,”’ and in elaborating he
states that his ‘‘generalized angular momentum equation”’
leads to the equations formulated in our paper with the aid of
D’Alembert’s principle. This is misleading for two reasons.
First, it tends to create the impression that D’Alembert’s
principle requires proof, which is incorrect, for it is just as
reasonable to deduce momentum principles from D’Alem-
bert’s principle as it is to proceed vice-versa. Second, Dr.
Grubin’s statement obscures a substantative matter—namely,
that the use of D’Alembert’s Principle in the way set forth'in
our paper results in a savings of labor because it makes it
unnecessary to perform the often arduous differentiations of
angular momenta, such as the one indicated in Eq. (10G).
Instead, it permits one to use familiar expressions for inertia
torques and inertia forces, which can be formed as soon as
one has completed the requisite kinematical analyses. Here
again, it is most helpful to work out a particular problem in
all detail if one seeks to acquire clear ideas regarding the
relative merits of two methods for formulating equations of
motion.



